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ABSWCT 
An analysis w a s  made t o  determine the effects  of low-density phe- 
nomena on the heat-transfer characteristics for  laminar flow i n  a 
parallel-plate channel ( f la t  duct) or i n  a circular tfbe with uniform 
w U  heat flux. 
wherein the major rarefaction effect6 are displayed as velocity and 
Consideration waO given t o  the slip-flow regime, 
temperature jumps a t  the conduit walls. 
along the ent i re  length of the conduit, that  is, i n  the thermal entrance 
The resu l t s  obtained apply 
region as well as f a r  downstream, The solutions contain a ser ies  ex- 
pansion, and analytical. expressions for the complete s e t  of eigenvalues 
and eigenconstants for  t h i s  problem are presented. 
the w a l l  temperatures, Nusselt numbers, and thermal. entrance lengths for 
The resu l t s  give 
the conduits for  various values of the rarefaction parameters. 
NOrnCLATITRE 
a accommodation coefficient 
Cm coefficient i n  se r ies  for  temperature distribution i n  parallel-  
plate channel 
Cn coefficient i n  se r ies  for  temperature dis t r ibut ion i n  circular 
tube 
specific heat at  constant pressure cP 
h 
coefficient defined by equation (32) 
coefficient defined by equation (57) 
themnal dimetier, BL/a 
tube diametert 2r0 
constant defined i n  equation (31) 
dimensionless velocity for p a r a e l - a t e  channel, u( q)/Z 
dimensionless velocity f o r  circular t’tibe, U(U)/S 
trassverse temperature dlstribution i n  f u l l y  developed region 
for parallel-plate channel 
speculas reflection coefficient 
transverse temperature distribution i n  Rzlly developed region 
f o r  circular t d e  
heat-transfer coemcien t ,  q / ( t ,  - %) 
v a u e  of def ini te  i n t e g r a ,  equation (34) for  p m e l - p l a t e  
channel, equation (59)  f o r  round tube 
Bessel function of first kind and first order Jl 
L half distance between p la tes  
2 
M 
N 
NU 
Pr 
P 
q 
R 
mean free path 
c o n s t a t  defined by equation (60) 
comtant defined by equation (61) 
Nusselt nuIriber, liDT/K o r  hd/K 
Prandtl n m e r ,  ~ C J K  
s t a t i c  pressure 
ra te  of heat flux per unit area fram waJ_1 t o  f lu id  
transverse or radial distribution function 
, - i  
Re 
93 
% 
R, 
r 
t 
t 
X 
Y 
4 
I , - ,  . :  
1 5 
t 
. +  
6 
. . : 
, 
.. 7 

9 
It i s  of in te res t  t o  examine t h e  behavior of the  N k s e l t  number 
at  the  entrance of the heated section (X = 0) and also in the  m y  
d e n l o p e d  &on (x -* a), A t  the entrance, 
(27 1 M q )  = 4/0(E.t/2L) u = 2,r 
In tlss absence of a temperature-jump effect, t h e  local Musrelt nuuiber 
sSt;arts w i t h  N% **oo* 
nmnber ewmenees with a finite value given by (27). 
With a temperatme imp9 &#wevery t h e  l-al Mnmdt 
The effect  of the 
m i n e d  an 

Paor rrymetriaal two-nidd heating (a  - 2 )  o r  i n  tab le  I (b )  for aneym- 
metrical we-mlded heating (u - 1). The reillults far conthmm flow were 
obtained from sxpresPrione presented i n  [31, while for slug f l o w ,  the 
elgewalnela were obtained a s  the pwaitiye root0 of s i n  */2 = 0 ar 
?$2 = mx, "be coefficients Dm were obtained from the  equally s-le 
r e d t  % = = 2 / h s  
The numerical value of 1/3 for %/E corresponds t o  &/2L = 0,0833, 
--%.a n u e  1 ij. n L u e  c3f $5 f o r  %,'E corresponb t o  Q'ZL - 0.25, Tje r m a t s  
fo r  %/E = 1 (slug flaw) are  outside the s l i p  regime but have been in- 
cluded as limiting values and for canparison, 
The lmel of accuracy of the foregoing resu l t s  wa8 checked [4] by 
computing the eigenvalues and eigenfunctions of (3Oa), aa well as  the 
coefficiente C, given by (16), on an electronic (IBM 7094) computer, 
by the Runge-Kutta method, f o r  u& = 1/3 and 3/5. The eigenvalues and 
coefficients so obtained a re  listed i n  t ab le  I, The relevant quantit ies 
14 
as canptrted from the  previoxmly pramnted analytioal sxprenlsionr are In 
remarkably close agreement x i t h  the electronically computed valuen, ea- 
pescially for  values of rn 2 2, 
fomuhs a m  suitable fer m 2 2, 
It tn ooncLuded that the  eLsymptcrtie 
3% m i a t i c s n  of the dimemianless wall-to-'bulk temperature! difference 
along the  ductn can 'be evaluated wtth the numwieal information givan in 
eves,t t h e  entrance temperature difference h s  a nonzem value, Eiqaation 
. .  
I 
I '  15 
The variation of the  Waurto-bulk temperature difference along t h e  
duet length was evaluated Avrm (25) for  several values of the rarefac- 
t i on  parametera d E  and %/2L Plots a re  given in Figs, 6 and 7 
fo r  (I = 2 and (I = 1, respectively, 
Inspection of Figs, 6 and 7 reveals several interesting trends. 
First; of all, for  a fixed value of 
t i on  is more sensit ive t o  the s l i p  velocity m e r  m o s t  of the  duct length 
kt/2L, the w a l l .  temperature varia- 
f o r  t h e  unsymmetrically hea%ed channel ((I =I 1) than f o r  the symmetirically 
heated channel ((I = 2), N e a r  the  entrance, however, the reverse effect  
is obtained. 
effect  of retarding t, - t.b 
For both w a l l  heating situations,  the a l ip  velocity haa the 
i n  its approach t o  the  fk l ly  developed 
value, w h i l e  t h e  temperature jump Ira8 the  opposite effect. 
abacisaa scale fo r  (I = 1 is twice that  f o r  (I = 2* The length required 
fo r  the wa,ll-to-'bulk temperature difference t o  approach ftilly developed 
Finally, the  
conditions is thus greater f o r  the uneymmetrically heated channel than 
fo r  t h e  channel heated. zvlif'ormly from both w a U  
It is the practice t o  define a thermal entrance length aa the heated 
length reqnired for  t, - t, t o  approach withtn 5 percent of t he  f u l l y  
developed value, 
of 0,95 ier shown i n  Figs. 6 and 7, 
A k i z o n t a l  dashed l i n e  corresponding t o  an ordinate 
It is perhaps samewhat m a r e  i l lumina t ing  t o  present the variation 
of t h e  wall-to-bulk temperatime difference i n  terms of the  rarefaction 
pamm&er p@/2pL a s  in F i g ,  8. 
fact ion i~ t o  shorten the thermal entrance length 
The effect of increased gaa rare- 
The accommodation 
coefficient alao has an important effect on the  thermal entrance length, 
and this effect is associated wfth the increase i n  temperature jump with 
16 
decreased accommodation coefficient. 
The longittrdinal variation of the Nimselt nmiber along the  duct 
with unWom heat flux at one or both w a l l s  (26) was evaluated and ia 
pl&ted i n  Fig. 9, 
opposite changes i n  t h e i r  effect on the N u s s e l t  muher rnriationj 
The velocity and temperature jump@ give rise t o  
the 
yelocity jump t e a  t o  increase the  Nuaselt number a t  a given axial 
position, wkrile the  tempera3me jump tends t o  decrease t h e  R u s s e l t  
numbero 
parameters p ~ ' % t / 2 p L  and a &re plotted in  F i g b  10, Clearly the  
averall effect of the gas rarefaction is always t o  decrease the FkisseLt 
Nmerical mal.cratiolls of -&be Nwselt number dependence on tbe 
-. 
number below its c o n t b m  value a t  every position along the  heated 
l eng tb  
FLOW IN C I R C U I A  TUBE 
Attention is now turned to t k e  case of a x i d l y  symmetric s l i p  flow 
i n  a circular  tde, Tke coordinate systrm f o r  the pres& problem is 
in Fur U s  
It LB agair! assumed th-b the  velocity prof i le  is fully developed 
and i s  unclsan@;ing along the tribe lengt'h The velocity distribution and 
the fulLy dweloped hea-b-transfer c b r a c t e r i s t i c s  have already been in- 
vestigated for t'he circixhr-txibe case [11, and many results obtained 
are immedia*ely applicable, 
is similar t o  that, of the parallel-pla.%e chaannel, 
The development of the round-tube system 
The di f fe ren t ia l  equ&ion for  convective heat t ransfer  is now 
p $ ~ & + l a x )  = ( K / r j  (a/&) (r &,&) 
'The aaerrmrpt;ians a,nd restrie5ion.s of this equation a re  the same a s  those 
previously explained. Mheo. written i n  terms of the dimensionless vari-  
(31 j 
. .  I .  
17 
ables, (37) becumes 
Wf (a) (at/al: ) = (l/co) @/am; (0 a t / w  (38 )  
The Telocity distribution u 
dimensionless velocity profile f(a) anii the s l i p  velocity r a t i o  
a re  easi ly  obtained: 
is given in  [lI and from the  resu l t s  t h e  
ULJii 
f ( w )  = 2 ( 1  - w2 + 4a)/(l + sa) a = t Jd  (39) 
(40 1 .%’E = fill = 8a!‘;1 + 8a) 
For large x, a fuLly developed temperature prof i le  t d  exis ts  i n  the  
f o m  
where & and R, are, respectively, the  eigenvalues and eigenf’unctions 
The coefficientls Cn i n  (42) are  obtained f’rm the  resul t  
, -  or 
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B order t o  obtain (44a), the resul t  
w&s med, 
The complete solution for  the temperature tlmt applies along the 
errtire tube length l a  obtained by sUnrmin@; (40) and (42) t o  obtain 
(t - t i ) / ( q T O / K )  = 4(x/ro)/Reh’ + H(U) 
where 
and 
. ' ,  '1 . 
8' 
~ 
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The'Nusselt number may be determined from the def ini t ion 
1 
Nu E h(2ro)/K = [ d ( %  - tb)](ZrO/K) 
When (49) and (50) are  used, the result obtained i s  
The Nusselt numbers a t  the entrance of the  heated section N u g  
f u l l y  developed region N% are readily obtained from (53) as 
and i n  the 
c -  
Nu0 = 1/(5t/d) (54) 
we. asymptotic behavior of (43) at large values of h i s  examined 
i n  [ 4,73 and it i s  shown tha t  the asymptotic expressions fo r  the eigen- 
values A, and constants D, 3 CnRn( l )  are given by 
where 
(61) N ~ 1 - k  
The values of i1 f o r  any given s l ip  velocity r a t i o  uS/E are shown i n  
Fig. 12. 
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The f i rs t  f o u r  eigenvalues and coefficients f o r  the case of flow 
a ro&d tube are Shawn i n  table  11. The resu l t s  f o r  continuum flow 
i n  
(",/E = 0) were obtained from expressions given by Dzung [ 8 ] ,  while fo r  
slug f l o w  (us/Ti I., 1) the eigenvalues were obtained as the roots of 
Jl(2h,)1/2 = 0. 
resu l t  D, = -l/An. 
the use of an IBM 7094 computer by the Runge-Kutta method [ 41. 
apparent tha t  the asymptotic formulas yield values of sufficient accuracy 
fo r  n >  2. 
The coefficients Dn are then obtained from the simple 
Also shown i n  table I1 are  the data obtained through 
It i s  . 
Numerical. values of the Nusselt number variation d o n g  the tube 
length (53) were evaluated as functions of the two parameters 
kt/d 
served i n  the p a r U e l - p l a t e  channel system. 
t ion 'can be calculated as a function of the pmameter 
results of such a calculation are plotted i n  Fig. 14. Increased gas rare- 
faction and/or decreased accommodation coefficient reduces the Nusselt 
number below i t s  continuum value, a d ,  i n  addition, shortens the thermal 
entrance length, &ich has been defined alternatively as the heated 
length required f o r  the Nusselt number t o  approach within 5 percent the 
f& developed value as given by (55). 
uS/E and 
and are plotted i n  Fig. 13. The trends are similar t o  those ob- 
The Nusselt number varia- 
p q / p d ;  the 
O'lEER RARFlFACTION EFFECTS 
I n  [ 43, modification of the present heat-transfer resu l t s  fo r  laminar 
channel o r  tube s l i p  f l o w  i s  made, or discussed, t o  account fo r  additional 
s l i p  effects,  such as waJ.2. shear work, modified temperature jump, and 
thermal creep velocity. 
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CONCLTJSI ONS 
Solutions were obtained f o r  l amina r ,  forced-convection heat transfer 
t o  a slightly rarefied gas flowing between para l le l  plates  or i n  a circu- 
l a x  tube with uniform w a 3 l  heat flux. 
numbers i n  the entrance and f u l l y  developed regions can be obtained as 
The w a l l  temperatures and NusseLt 
functions of the  velocity and temperature jumps at the w a l l ,  o r  as func- 
t i o n s  of the  mean free path. 
!T!he results indicate that the slip-flow Nusselt numbers are lower 
than those f o r  continuum flow at all axid locations d o n g  the  conduits 
and a l s o  tha t  the themad entrance length i s  decreased with increased 
gas rarefaction fo r  e i ther  the parallel-plate channel or  the circular  tube. 
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i' TABLE I. - EIGENVALUES AND COJZE'FICIENTS FOR SLIP FZOW IN A 
PARALLEL-PLATE CHANNEL W I T H  UNIFORM HEAT FLUX 
, 
(a) Symmetry number, 2. 
Ratio of slip to average velocity, us/E 
0 1 3 3 
Numerical 
solution, 
Runge -Kutta 
method 
1 
3.14 
6.28 
9.42 
12.56 
-0.2030 
- -0508 
- -0226 
- -0127 
Analytic a1 
solution 
Analytical 
s olut ion 
Numerical 
solution, 
3unge-Kutta 
method 
3.23 
6.36 
9.50 
12.65 
-0.2264 
- -0618 
- -0280 
- -0161 
3.540 3.78 3.33 
6.49 
9.65 
12.82 
-0.2331 
- .0701 
- -0336 
- -0197 
3.35 
6.41 
9.54 
12.69 
-0.2110 
- -0613 
- -0282 
- mol65 
6=800 I 6*72 
10.05 
13.30 
9.78 
12.90 
-0.2090 
- e0703 
- .0367 
- -0230 
-0.1479 
- ,0642 
- -0332 
- ,0198 
(b) Symmetry number, 1. 
Ratio of slip to average velocity, uS/E 
0 1 
4nalytical 
solution 
Numerical 
s olut i on, 
Runge-Kutta 
method 
Analyti ca: 
solution 
Numerical 
solution, 
3unge -Kutta 
method 
Eigenvalue 
A y 2  
h p  
h p  
$2 
Coefficient 
Dl 
D2 
D3 
D4 
~ 
3.14 
6.28 
9.42 
12.56 
-0.2030 
- -0508 
- -0226 
- -0127 
3.800 
7.071 
10.33 
13.60 
-0.147( 
- -052: 
- ,027E 
- .017€ 
4.09 
6.99 
10.01 
13.09 
-0.0711 
- -0425 
- -0259 
- -0169 
3.51 
6.51 
9.61 
12.72 
-0.1685 
- -0567 
- -0271 
- -0156 
3.35 
6.46 
9.58 
12.71 
-0.1920 
- -0566 
- -0267 
- -0154 
3.50 
6.66 
9.82 
12.98 
-0.1821 
- .0583 
- .0291 
- -0175 
TABLE 11. - EIGENVALUES AND COEFFICIENTS FOR SLIP FLOW IN A 
0 
Gig envalue 
%$I2 
:oef f ic ient  
Dl 
D2 
D 3  
D4 
2 531 
4.578 
6.593 
8.610 
-0.1985 
- .OB93 - ,0365 
- ,0230 
CIRCULAR TUBE WITH UNIFclRM WALL HEAT FLUX 
Ratio of s l i p  t o  average velocity, uq/E 
Lnalytical 
s olut  ion 
----- 
4.71 
6.76 
8.81 
-----_ 
-0.0594 
- ,0306 
- -0217 
Numerical 
s olut  ion, 
Runge -Kutta 
method 
2.55 
4.63 
6.69 
8-75 
-0 1855 
- -0605 
- -0301 
- -0185 
2/3 
2.64 
4.75 
. 6.88 
9.00 
. .  
-0.1670 
- e0515 
- ,0247 
- ,0145 
Numerical 
solution, 
Runge-Kutta 
2.60 
4-74 
6.86 
8.98 
-0.1658 
- -0510 
- -0245 
- -0144 
1 
2.710 
4 * 955 
7.135 
9.425 
-0.1360 
- -0406 
- -0194 
- -0113 
2L - 
ti 
U T  -- 
Insulated wall 
(b) Symmetry number, 1. 
q 
(a) Symmetry number, 2. 
Figure 1. - Physical model and coordinate system for parallel-p!ate channel. 
‘T \ 
Accommodation 
coefficient, 
a 
0.4 
1.0 
--- 
Symmetry 
number. 
Figure 2. - Effect of gas rarefaction on entrance Nusselt 
number for parallel-plate channel. 
' \  ' . 
Accommodation 
coefficient, 
a 
0.4 Symmetry 
1.0 number, 
---  
.01 .02 .04 .06 .1 .2 
Rarefaction parameter, p@/ZpL 
Figure 3. - Fully developed Nusselt num-  
ber variation in parallel-plate channel  
wi th uni form wall heat flux. Specular 
reflection coefficient, 1; ratio of specific 
heats, 1.4: Prandtl number, 0.73. 
Ratio of slip to average velocity, us /u  
Figure 4. - Value of definite integral for parallel-plate 
channel for any value of s l ip to average velocity ratio. 
c 
m Ratio of slip to 
average velocity, 
- 4 1  5 ym met ry 
T I I I I 
0 .2 . 4  . 6  .a 
Temperature-jump coefficient, t t /2L 
Figure 5. - Variation of dimensionless wall-to- 
bulk temperature difference at heated section 
entrance for slip flaw in parallel-plate channel 
with uniform wall heat flux. 
Ratio of slip to 
average v_elccity, 
Dimension less wal I-to-bulk --- 
I I temperature difference (0.95) 
.4- 
(a) Temperature -jump coefficient 0. 
I 6 6  
(b) Temperature-jump coefficient, 0.1. 
0 .02 .04 .06 .08 .lo 
Dimensionless axial distance, (x/2U/RePr 
.7  
(c) Temperature-jump coefficient, 0.4. 
Figure 6. - Wall temperature ratio in thermal entrance 
region for flow in parallel-plate channel wi th uni form 
wall heat f lux and different values of temperature-jump 
coefficient. Symmetry number, 2. 
Dimensionless wall-to-bulk 
temoerature difference 
--- 
I (0.95) 
. 2  I I I 
(a) Temperature-jump coefficient, 0. 
.4) 
(b) Temperature-jump coefficient, 0.1. 
1.0 
.9 
.8  
.7  
0 .04 .08 .12 .16 20 
Dimensionless axial distance, (x/ZL)/RePr 
(c) Temperature-jump coefficient, 0.4. 
Figure 7. -Wal l  temperature ratio in thermal entrance 
region for flow in parallel-plate channel wi th uni form 
wall heat f lux and different values of temperature-jump 
coefficient. Symmetry number, 1. 
Rarefaction 
parameter, 
Rarefaction 
parameter, 
rl 
M * 
N 
Accommcdat ion 
coefficient , 
1.0 
.4 
.8 - 
- 
--- 
Dimensionless wall-to- . 6 -  --- 
bulk temperature 
difference 10.95) 
.4 1 I 1 
0 .02 .04 .06 .08 .10 0 .04 .08 .12 .16 .20 
Dimensionless axial distance, (x/ZL)/RePr 
la) Symmetry number, 2. (b) Symmetry number, 1. 
Figure 8. - Wall temperature ratio in thermal entrance region for flow in a parallel-plate channel wi th un i fo rm wall heat 
flux. Specular reflection coefficient, 1; ratio of specific heats, 1.4; Prandtl number, 0.73. 
0 .02 .04 .06 .08 .10 0 .04 .08 .12 .16 .20 
Dimensionless axial distance, (xl2L)IRePr 
(a) Symmetry number, 2. (b) Symmetry number, 1. 
Figure 9. - Variation of Nusselt number along parallel-plate channel for uni form wall heat f lux and different values of 
temperatu re-jump coefficient. 
Rarefact ion 
pa ramet er , 
----------------- .2 
I I 
.02 .04 .06 .MI .10 
"n 
4- \ 
Accommodation 
coefficient , 
a 
1.0 
. 4  
- 
--- 
Rarefaction 
parameter, 
0 .04 .38 .12 .10 .a 
Dimensionless axial distance, (xl2UIRePr 
(a) Symmetry number, 2. (b) Symmetry number, 1. 
Figure 10. - Variation of Nusselt number along parallel-plate channel for  uni form wall heat flux. Specular reflection 
coefficient, 1; rat ioof  specific heats, 1.4; Prandtl number, 0.73. 
q - 
m 
------ ti rt . - u(r) X 
9 
Figure 11. - Physical model and coordinate system for round tube. 
1.61- 
1.41 I I I I 1 
0 . 2  .4 .6  1.0 
Ratio of slip to average velocity, uslu 
Figure 12 - Values of definite integral for any value of 
slip to average velocity ratio in round tube. 
Temperature-jump 
coefficient, 
t t l d  
. 2  
Ratio of slio to 
- \ \ --- 
215 
I 1 
.02 .04 .06 .os .10 
Dimensionless axial distance, (x/ro)/RePr 
Figure 13. - Variation of Nusselt number along round 
tube for uni form wall heat f lux and different values 
of temperature-jump coefficient. 
Accommodation 
a 
1.0 
. 4  
c coefficient, 
- --- 
3 z 
L al 5
E, 
c 
a3 In VI
=I z 
- 
Rarefaction 
parameter, 
6- 
4- 
2* . 2  ---- ----____----- - 
.0667 ---------- .2 --- --- 
Figure 14. - Variation of Nusselt number along round 
tube for uni form wall heat flux. Specular reflection 
coefficient, 1; ratioof specific heats, 1.4; Praridtl 
number. 0.73. 
l - O r  Rati;;:lip to f- 
average v_elccity, 
Dimensionless wall- Y _-- 
to-bulk temperature 
"I /// difference (0.95) 
Dimensionless axial distance, (x/ro)/RePr 
Figure 15. -Wal l  temperature ratio in thermal entrance 
region of round tube for uni form wall heat f lux  and 
temperature-jump coefficient of zero. 
